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REPRESENTATIONS OF LIE SUPERALGEBRAS WITH FUSION FLAGS 


DENIZ KUS 


Abstract. We study the category of finite-dimensional representations for a basic classical Lie 
superalgebra 0 = 0o © 0i- For the ortho-symplectic Lie superalgebra 0 = osp(l, 2 n) we show that 
certain objects in that category admit a fusion flag, i.e. a sequence of graded 0o[t]-modules such 
that the successive quotients are isomorphic to fusion products. Among these objects we find fusion 
products of finite-dimensional irreducible 0-modules, truncated Weyl modules and Demazure type 
modules. Moreover, we establish a presentation for these types of fusion products in terms of 
generators and relations of the enveloping algebra. 


1 . Introduction 

For a finite-dimensional simple Lie algebra t, the current algebra i[t] associated to t is the algebra of 
polynomial maps C ^ t or equivalently, it is the complex vector space (t(8iC[t]) with Lie bracket the 
C[t]~bilinear extension of the Lie bracket on t. The category of hnite-dimensional representations 
of t[t] has attracted a lot of attention over the past two decades. For example, motivated by the 
representation theory of quantum affine algebras the notion of local Weyl modules was introduced 
and studied in [6]. Given any integrable highest weight representation of the affine Kac-Moody 
algebra t, one can define another family of hnite-dimensional t[t]-modules. These modules are 
called Demazure modules and are parametrized by pairs (^, A), where £ is a positive integer called 
the level of the Demazure module and A is a dominant integral weight for t. It was proved in 
the simply-laced case (see [5, 9, 17]) and later for twisted current algebras (see [4, 16, 21]) that a 
local Weyl module is isomorphic to a level one Demazure module. In the non-simply laced case, 
a local Weyl module has a hltration by level one Demazure modules (see [23, 7]), i.e. there exists 
a hag where the successive quotients are isomorphic to Demazure modules. The multiplicity of a 
Demazure module in the local Weyl module has been studied in [1, 7]. 

Another family of hnite-dimensional representations for the current algebra was introduced in [12]. 
Given hnite-dimensional irreducible t-modules Ut(Ai),..., kt(Afc) and a tuple of pairwise distinct 
complex numbers z = (zi,..., Zk) one can dehne a hltration on the tensor product Ut(Ai)^^ (8> 
• • • (8> Ut(Afc)^'' and build the associated graded space with respect to this hltration. This space is 
called the fusion product and is denoted by U(Ai)^^ * • • • * Ut(Afc)*^'', where Ut(A)^ is a non-graded 
t[f]-module. It was proved in [5, 17, 20] that certain (truncated) Weyl modules can be realized as 
fusion products of hnite-dimensional irreducible t-modules. We say that a representation V has a 
fusion hag if there exists a sequence 

F{V) = (0 C Uo C Ui C • • • C Ufc = U) 

of graded t[f]-modules, such that the successive quotients are isomorphic to fusion products of 
hnite-dimensional irreducible t-modules. 

The present paper is motivated by the idea to study representations having a fusion hag. In 
particular, we show that the category of hnite-dimensional representations of a Lie superalgebra 
contains many interesting objects with that property. 

D.K was partially funded under the Institutional Strategy of the University of Cologne within the German Excel¬ 
lence Initiative. 
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Let g = 00 © 01 be a basic classical Lie superalgebra and let 0 [t] be the corresponding current 
superalgebra; recall that the even part go is a reductive Lie algebra and gi is a semisimple go- 
module. Starting with finite-dimensional irreducible g-modules l^(Ai),... ,V{Xk) and a tuple of 
pairwise distinct complex numbers z = {zi,..., Zk) one can define similarly as for finite-dimensional 
simple Lie algebras the fusion product • • • * For the ortho-symplectic Lie 

superalgebra g = osp(l, 2 n) we establish a presentation for certain fusion products in terms of 
generators and relations of the enveloping algebra. Using this presentation we show that fusion 
products for Lie superalgebras admit a fusion flag. Let us describe our results in more details for 
the Lie superalgebra osp(l,2). 

We hx a partition m = (mi > m 2 > • • • > m^ > m^+i = 0). For 0 < .£ < A: set 

... ,mk)) := ((^^(mi),..., (/^^(mfc)) = (mi,...,mp_i,mp - 1 ,mp+i,...,m^), 

where p = minj.^ + 1 < 9 < | rUg > mg+i}. Our hrst results is the following; for the precise 

dehnition of the ingredients and a more general formulation see Section 4. 

Theorem. 

(1) We have an isomorphism of U( 0 [t])-modules 

V{m\) * • • • * U(mfc) = W(|m|)/.h(m), 

where W(|m|) is the local Weyl module and .^(m) is the submodule of W(|m|) generated 
by the elements (4.10). 

(2) The module lU(|m|)/.h(m) can be hltered by 

0 © Fsi2((/?ii o---o(/?i^(mi)) * ••• * o ••• o(^i^(mfc)) 

0<l<k 0<h<---<ii<k-l 

The above theorem is proven more general for the Lie superalgebra osp(l, 2n) in Theorem 3 and the 
proof uses the presentation of fusion products of certain finite-dimensional irreducible go-modules. 
This fact is of independent interest and is stated in Section 6 . The connection to truncated Weyl 
modules and Demazure type modules is described by the following theorem. Again for the precise 
definition of the ingredients see Section 5. 

Theorem. Let n € Z_|_ and write n = kN + j for 0 < j < N. We have an isomorphism of 
U( 0 [A])-modules 

(1) Win,N) ^ * V{k + 1)*^' 

(2) W(n) ^D(l,n) 

(3) D{N,n) ^ V{Nf^*V{j). 

The paper is organized as follows. In Section 2 we recall the basic properties of Lie superalgebras 
and collect the needed results from [19]. In Section 3 we recall the notion of fusion products and 
show that the dimension of the fusion product increases along an appropriate order. In the next 
Section we give generators and relations for the fusion product of certain osp(l, 2re)-modules and 
show that they admit a fusion flag. In Section 5 we discuss the connection of truncated Weyl 
modules and Demazure type modules with fusion products. In the last Section we give generators 
and relations for certain fusion products associated to go-modules. 

2. Lie superalgebras 

2 . 1 . We denote the set of complex numbers by C and, respectively, the set of integers, non¬ 
negative integers, and positive integers by Z, Z_|_, and N. Unless otherwise stated, all the vector 
spaces considered in this paper are C-vector spaces and ® stands for ®c- 
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2 . 2 . Let 0 = go © 01 be a basic classical Lie superalgebra and fix a Cartan subalgebra fio C g, 
which is by definition a Cartan subalgebra of the even subalgebra go- For a G f)Q let 

0 a = {x G 0 I [h,x\ = a{h)x, Mh G f}o} 

the root space associated to a and ii = {a G f)o | a 7 ^ 0, g^ 7 ^ O} be the root system of g. We define 
the even and odd roots to be 

i ?0 = {a G i? I 0 a n 00 / 0 }, = {a G i? I 0 a n 01 7 ^ 0 }. 

Similarly to semisimple Lie algebras, we have a root space decomposition 

0 = 1)0 © 0o) (2.1) 

a€R 

where each root space 0 a in (2.1) is one-dimensional. We denote by Wo the Weyl group of g, which 
is by definition the Weyl group of the reductive Lie algebra go. There exists a non-degenerate even 
invariant supersymmetric bilinear form (•, •) on g, whose restriction to f)o x f}o is non-degenerate 
and Wo-invariant. For a root a G i? we have ka (z R for A: 7 ^ ±1 if and only if a G i?i and 
(a, a) 7 ^ 0 (in this case k = ± 2 ). 

2 . 3 . Let E be the real vector space spanned by R and a total ordering on E compatible with 
the real vector space structure. We denote by R'^ = {a G i? | a >- 0} and R~ = {a G i? | 
a 0} respectively the set of positive roots and negative roots respectively. We fix a subset 
A = {ai,..., Or} © R^ of simple roots, which by definition means that a G A cannot be written 
as a sum of two positive roots. We denote by / = {1,..., r} the corresponding index set. Let po 
(respectively pi) be the half-sum of all the even (respectively odd) positive roots and set p = po—pi- 
We have a triangular decomposition 

0 = n“ © f)o © n+, where ^ g^. 

The subalgebra b = tjo © n"'' is solvable and is called the Borel subalgebra of g corresponding to the 
positive system We set n 0 j for 0 < i < 1. 

2 . 4 . A postive root system is called distinguished if the corresponding system of simple roots 

contains exactly one odd root. From now on we fix a distinguished positive root system for g with 
Cartan matrix A = whose Dynkin diagram S is given as in [19, Table 1]. We denote by 

s the unique node such that ag is odd. Recall that the Cartan matrix A of g satsifies the conditions 

{ ©,i G { 0 , 2 }, for alH = 1 ,..., r 

if Oi^i = 0 , then Oi^i+k = 1 where k = min{l < j < n — i \ Oi^i+j 7 ^ 0 }. 

Let D = diag((ij)jg 7 and B = be diagonal and symmetric matrices such that A = DB 

(these matrices are explicitly given in [18, Appendix]). For the rest of this subsection we recall the 
notion of a Chevalley basis; for more details we refer to [15, 18]. For each positive root a G R'^ we 
fix a non-zero generator x^ of 0 ±a and a linearly independent subset {hi [ z G /} of the Cartan 
subalgebra such that afihj) = Uj^i. For a root a = Yll=i G R we define its coroot 

r 

ha — da 'y ^ kidj^ hi G bO; 
i=l 


da 


2 

{a,a) ’ 


if (a, a) 7 ^ 0 
if (a, a) = 0 . 


where 
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We have 


a{ha) 


2, if (ce, a) / 0 
0, if {a, a) = 0. 


The basis /i* | i € /, a € of g is called a Chevalley basis if the following properties are 

satished: 

{/ii,..., hr} is a basis of f)o (2.2) 

[hi,hj]=0, [hi,x^] = ±a{hi)x^, [x'^,x~] = ha, \/i,j€l,aGR'^ (2.3) 

[xa,xi 3 ] = Ca,pXa+p-, Vo,/3 G R with a 7 ^ —/? and Ca,p G ^\{0} (2.4) 


where 

if a G R'^ 

Xa ■= \ x~, if a G R~ 

0, if a ^ R 

The structure constants satisfy further conditions; see for example [15, Definition 3.3]. For the 
rest of this paper, we fix such a Chevalley basis. 


2.5. We shall write the root system for the ortho-symplectic Lie superalgebra g = osp(2m + l, 2n) 
{m > 0, n > 1). It consists of all matrices of the form 


/ 

0 

—w^ 

-u* 

X 

Xl 

\ 


V 

A 

B 

Y 

Yl 



w 

G 

-A^ 

Z 

Zi 



— Xi 

-z\ 

-Yl 

D 

G 


V 

x^ 


Yt 

E 

-D^ 

/ 


where A,B,C e D,G,F G Y,Yi,Z,Zi G u,v G and x,xi G The 

matrices B,C are skew symmetric and the matrices G,F are symmetric. We enumerate the rows 
as follows: the hrst row (resp. column) is indexed with 0 and the remaining rows (resp. columns) 
are indexed with the set {1,... , m, —1,... , —m, m + 1,..., m + n, —(m + 1),..., —(m + n)}. Let 

Hi — L/j 2 f E: i Y TTi, Hj — (m+j)) 1 ^ J ^ 

then 

f)o = spanjiLi,.. .,Hm,H[,.. 

is a Cartan subalgebra of osp(2m + 1,2n). Let ei,... ,€m,5i,... ,Sn be elements in Ijq dehned by 

= dij, = 0, 6i{Hj) = 0. 

The root system of osp(2m + 1, 2n) is given by 

.Ro = { ± Cfe ± Q, TCq, ±2(5p, ± 5j], Rl = { ± 6p, ±€q ± (5p}, 

where l<A:<Z<m, l<i<j<n, l<p<n and 1 < g < m. For the remaining part of this 
subsection we choose a distinguished positive root system 

R — "1^ Cfc 6;, Cg, 2(5p, (5j i ^ U dp, (5p i Cg j" 

where the corresponding set of distinguished simple roots is given by 

{ dl (52) ■ ■ ■ ) (5n—1 ^1) • ■ ■ ) (^m—1 if ?Tl > 0 

<5i (52)...) (5n —1 ^n) <5n else. 
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Note that the only simple odd root is an and hence is distinguished. The elements hi,i € I are 
given by 

j hf — 1 ^ r ^ Tl^ hn-\-s — Hg 1 ^ S m, hn — T if ^ ^ 0 

]hr = H^ — 1 <r < n, hn = else. 

For m > 0 and each simple root we fix a generator of the root space (see [22, pg. 21]): 

^m+r,m+r+l ^—(m+r+l),—{m+r)j 1 ^ P < U (2-5) 

^m+r+l,m+r ^ — (m+r)(m+r+l) j 1 ^ r < 71 

®Q„+s -®S,.S + 1 “ ^—{s + l), — S 1 ^On+s ~ ^S + 1,S ~ E—S, — {s + l)l 1 < S < 771 

^m+n,! ~ £'_l^_(m+n)5 = ^—{m+n), — l + Ei^rn+ni 

^oin+m ^ ^rn,0 ~ T'0,-mj = E-mfl — EQ^rn- 

If 777 = 0 we fix 

^cir ^m+r,m+r+l ~ £'_(m+r+l), —(m+r) j 1 < 7" < 77 (2-6) 

^ T^m+r+ljm+r ^—{m+r), — {m+r+l): 1 ^ T < 77 

^ ^n,0 1^0,—ni ^OLn — ^—n,0 T 1^0,n- 

The set , hi\l<i<n + 777 } generates osp(2777 + 1, 2n) and satisfies the relations (2.3). 

2.6. For a Lie superalgebra a = Uq © ai, we let U(o) be the universal enveloping algebra of a. Let 

Bq be a basis of Uq and Bi be a basis of ai. If < is a total order on B = BqL) Bi, then we obtain 

by the PBW theorem that the set of monomials 

{ffi • • • fi'r I 9j G B, gj < Qj+i, and gj 7 ^ gj+i if gj G ai| 

forms a basis of U(a). The current superalgebra associated to a is defined by o[t] := (a©C[f]) where 
the even and odd part respectively is given by oo[t] and ai[f] respectively. The Lie superbracket is 
given in the obvious way. 

2.7. For A G f)o we define a one-dimensional irreducible b-module Ca = Cua by 

n+UA = 0, hvx = X{h)vx, V /7 G f^o- 

Consider the induced module L(A) = U(g)©u((,)CA and let J(A) be the unique maximal submodule. 

We set F(A) = L(A)/J(A) and obtain that C(A) is an irreducible representation with V = U(n“)uA 
(for simplicity we denote the highest weight vector 1 © ua also by vx)- Hence F(A) has a weight 
space decomposition 

F(A) = 0 V^ = {vGV\hv = fi{h)v,'ih G f]o} (2.7) 

and 7 ^ 0 implies A — /r is a Z_|_-linear combination of positive roots. The following proposition 
is proved in [19, Proposition 2.2]. 

Proposition. 

(1) We have H(A) = V{g) if and only if A = /r. 

(2) All weight spaces V)i in (2.7) are finite-dimensional. 

(3) Any finite-dimensional irreducible g-module is isomorphic to H(A) for some A G I^q. 

We are interested in finite-dimensional irreducible g-modules. Let P"*" = {A G f)Q j dimH(A) < 00}. 
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2.8. One of the neseccary conditions that V{X) is finite-dimensional is that A is a dominant 
integral weight for the Lie algebra go- For the special linear Lie superalgebra s[(m, n) this condition 
is also sufficient, i.e. A G if and only if A(/ij) € Z_|_ for all i ^ s. The characterizing properties 
for the remaining basic classical Lie superalgebras can be found in [19, Proposition 2.3]. Recall 
that a representation R(A) is called typical if (A + p, a) / 0 for all a isotropic. From now on we 
assume that A € P~^ and R(A) is typieal. The following proposition stated in [19, Theorem 1] gives 
generators and relations for typical finite-dimensional irreducible g-modules. 


Proposition. We have an isomorphism of g-modules 

F(A) - U(g)/M(A), 

where M(A) is the ideal generated by 
Jn+, {h — X{h)) for all h G l)o, for f / s, 

{h — X{h)) for all h G f)o, for i / s, 

and 7 = Yll=s with labels Cj as in [19, Table 2], Moreover, 

(A + p,a) 

{Po, a) 




dimF(A) = 21^11 


aeR2 


if g is of type A{m,n) or C{n) 
else 


Example. 

(1) Consider the Lie superalgebra osp(l,2). We have fio = span {hi}, R~^ = {25i\ U {di} and 
A = {^i}. The finite-dimensional irreducible representations are parametrized by the non¬ 
negative intergers. To be more precise, for A = m5i we have V (A) is finite-dimensional if 
and only if m G Z_|_ and 

V(X) - U(g)/M(A), 

where M(A) is the ideal generated by n+, (h — A(h)), for all h G l)o, The di¬ 

mension is given by dimF(m5i) = 2m -|- 1 . 

(2) Consider the special linear Lie superalgebra s[(2,1). We have 1) = span {hi,/i 2 }, = 

{ei — 62 } U {ei — ( 5 i,e 2 — 5i} and A = {ei — 62,62 — (5i}. Let {a;i,a; 2 } be the dual basis of 
{hi, h 2 } and A = muji + nuj 2 - Then the irreducible representation R(A) is finite-dimensional 
if and only if m G and typical if and only if n -|- m ^ {“Ij 0}- In this case we have 

V(X) - U(g)/M(A), 

where M(A) is the ideal generated by n+, (h — A(h)), for all h G f)o, . 


3. POSETS, TENSOR PRODUCTS AND FUSION PRODUCTS 

In this section we shall give the analogue result of [3, Theorem 1 (i)] for the typical finite-dimensional 
irreducible representations for basic classical Lie superalgebras. The proof proceeds similarly and 
uses the dimension formula stated in Proposition 2.8. We will use this fact as a motivation to study 
fusion products and prove certain surjective maps among them. 

3.1. We fix A G P~^ and let P~^(X, k) be the set of h-tuples A = (Ai,..., A^), such that A, G P+, 
1 <i <k and ^3 — I"®I ^ — (-^i) ■ ■ ■ > = (hi) • • • > Pk) G P^(A, k). For a positive even 

root /? we dehne 

ri3,i{X) = min{(A7 H-h Xi^){hp) \ I < h < ■ ■ ■ < ii < k]. 

Note that dehnition makes sense since X{hf 3 ) G Z_|_ for all (3 G Rq . We say A P /x if 

T'p,il{XP) < for all /3 G Rq and 1 < I <k. 


(3.1) 
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We define an equivalence relation ~ on k) by 

A ~ /X ri 3 ^e{X) = r^,£(/j) for all (3 € Rq and 1 < i < k. 

The above partial order was introduced in [3], where the authors made the following observation: 
for a finite-dimensional simple Lie algebra t and a tuple A the dimension of the tensor product of 
the corresponding finite-dimensional irreducible t-modules increases along We shall prove the 
analogue result for Lie superalgebras. 


3.2. We will need the following lemma first. 

Lemma. We have 2(A + p){ha) € N for all a G Rq and A G . 


Proof. The proof is a case-by-case consideration. We know that a set of simple roots for go is given 
by {oii I i 7 ^: s} if g is of type A(m,n) or C{n) and {ai ,7 \ i ^ s} otherwise, where 7 is as in 
Proposition 2.8. Let a G Rq and write a = assume that A: = 0 if the Lie 

superalgebra is of type A(m,n) or C{n)). The corresponding coroot is given by 


hfy — dfy ^ kihi ^ kh'y. 


i^s 


n 


Since dad^ ^ki G Z+, X{hi) G Z_|_ and p{hi) = 1 for all i ^ s, the claim follows for type A{m,n) or 
C{n). In the remaining types it will be sufficient to show (A-|- p){h.y) G N, since an easy calculation 
shows that ^ G N whenever k ^ 0. We have (A -|- p){h.y) = X{h.y) + d^{p,'y), where 


((p,7); ( 7 , 7 )) 


( — 2{m - 


if 0 

is 

of 

type 

B{m, n) 

( — 2 (m - 


if g 

is 

of 

type 

D{m, n) 

(9;- 6 ), 


if 0 

is 

of 

type 

m 

( 10 ;- 8 ), 


if g 

is 

of 

type 

G(3) 

((1 - 1 - a); 

- 2(1 + 0 )), 

if g 

is 

of 

type 

B( 2 ,l;a 


Since A G P^ is typical we obtain that X{h^) > b, where b is as in [19, Table 2]. Thus in all cases 
we have that (A -|- p){h^) is a positive half integer. □ 


Theorem 1. Let X P n, then 

k k 

dim V(Xi) < dim V(pi) 

i=l i=l 

and we have equality if and only if A = /x in P'''(A, k)/ ~. 

Proof. The statement in the theorem is equivalent to 

It suffices to show that 

k k 

2{Xj -h p)iha) < 2{pj + p){ha), for each a G Rq. 
j=i i=i 

From Lemma 3.2 we know that 2(A -|- p){ha) G N for all a G Rq and A G P^. Hence we can order 
theses numbers 


0 < 2(Aj^ -|- p){ha) < • • • < 2(Ai^ -|- p){ha), 0 < 2{pj^ + p){ha) < • • • < ‘^{Pjk + p){ha) 
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2 (Aip + p){ha) < ^ + p){ha), for &\\l < I <k. 

p=l P=1 

The rest of the proof follows from an s [2 argument as in [3] (see also the combinatorial result in 
the introduction). 

□ 

The original motivation of [3, Theorem 1 (i)] was to prove a stronger result, namely that A ^ /x 
implies the existence of an injective homomorphism between the corresponding tensor products of 
finite-dimensional irreducible t-modules. Another way of showing the existence of these injective 
maps is to reformulate everything in the language of fusion products. We will recall the definition 
of fusion products in the next subsection; see [ 12 ] for details. 

3.3. Let Vi,..., 14 be finite-dimensional cyclic g-modules with homogeneous cyclic vectors ui,..., Ufc. 
For a tuple of pairwise distinct complex numbers z = (zi,..., Zk) G consider the tensor product 

(3.2) 

where is a g[f]-module whose action is given by 

(x (g) f).w = f{zj)x.w, X £ g, f £ C[t], w £ Vj. 

The existence of the coproduct implies that the tensor product (3.2) admits an U(g[t]) action, 
which is given by the following formula: for x £ g homogeneous and r £ Z_|_ 

k 

{x ( 8 > f){vi ( 8 > • • • ( 8 ) Ufc) = ^(—(g) • • • (g) x.Vj (g) • • • (g) Vk), 

i=i 

where | • | denotes the parity. The proof of the following lemma is the same of that in [12, Proposition 
1.6] for finite-dimensional simple Lie algebras (see also [14, Lemma 1.5]). 

Lemma. For pairwise distinct complex numbers zi,... ,Zk, the tensor product g) • • • (g) is 
a cyclic U( 0 [t])-module with cyclic generator ui g • • • g Ufc, i.e. 

g • • • g = U( 0 [t])(ui g • • • g Vk). 

Recall that the ring C[t] is graded and hence we have an induced grading on U( 0 [t]). We denote by 
U( 0 [t])[m] the homogeneous component of degree m and note that it is a g-module for all m £ Z+. 

We define an increasing filtration on the tensor product (3.2): 

0 1 

0 C V°(z) := 0 U( 0 [t])[m](ui g • • • g Ufc) C V^(z) := ^ U( 0 [t])[m](ui g • • • g Ufc) C • • • 

m=0 m=0 

of 0 -modules. The associated graded space 

gr{V^(z)}j>o = V°(z) © 0 V4z)/V^"^(z) 

l>i 

is called the fusion product and is denoted by * • • • * . We denote the image of ui g • • • g 

in the associated graded space hy vi * ■ ■ ■ * vp. 

Remark. Note that the definition of the fusion product depends on the parameters zi,... ,Zk. It 
has been conjectured in [ 12 ] that the fusion product of t-modules is, under suitable conditions on 
Vj and Vj, independent of theses parameters. This conjecture has been proven in certain cases by 
various people (see for instance [5, 8 , 10, 17, 20]). In this paper we will prove the independence for 
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the fusion product of certain representations of the Lie superalgebra osp(l,2n) and therefore we 
omit almost always the parameters in the notation. 

4 . Generators and Relations 

The aim of this section is to give generators and relations for the fusion product of certain finite¬ 
dimensional irreducible osp(l, 2n)-modules. So let p = osp(l, 2n) and recall that {a, = (5*—1 < 
i < n, an = Sn} is a set of distinguished simple roots. Recall that the even part go is isomorphic to 
the symplectic Lie algebra sp 2 „ and the odd part is a 2n-dimensional irreducible go-module. For 
example, if n = 1 the even part in spanned by and is isomorphic to s[ 2 . 

4.1. The definition of local Weyl modules was originally given in [6]. For k € Z_|_, the local Weyl 
module WgQ(A;(li) is the go[t]-module generated by a non-zero element Wk with dehning relations: 

Uq [tjrcfc = 0, (h (g) f)wk = k6i{h)6rflWk, Vr G h G t}o, {x~ 0 = 0, Va G i?^. 

The dimension of the local Weyl module WgQ(/c(5i) for n = 1 is computed in [6] and equals 2^. The 
study of local Weyl modules for Lie superalgebras has recently started; see [2, 14]. For k G the 
local Weyl module W{k5i) is the g[t]-module generated by a non-zero element Wk with dehning 
relations: 

n'^[t]wk = 0, {h®f)wk = k6i{h)5rflWk, Vr G h G f}o, {x~ ® = 0, Va G . 

The dimension of W(A;(5i) for n = 1 is computed in [14] and equals 3^. 

4.2. For s,r G we set 

S(r,s) = |(6fc)fc>o I G Z+, ^6fc = r, ^A;6fc = s}- (4.1) 

fc >0 fc >0 

and for p G let pS(r, s) be the subset of S(r, s) consisting of all elements {bk)k>o satisfying 

= 0 for /c < p. For an even positive root a, we dehne elements of U(go[t]) 

^air,s)= {x-^ ^ ■ ■ ■ {x-^ (4.2) 

{bk)k>o&^{r,s) 

where x^^^ := ^x^ for any non-negative integer b and x G g[t]. We understand that x“(r, s) is zero 
if S(r, s) is empty. The elements pX~(r, s) are dehned in the obvious way. 

4.3. For the rest of this paper we hx a partition m = (mi > m 2 > • • • > m^ > rrik+i = 0) and 

let VQ^{k6i) be the (^^^”Y^)-dimensional irreducible go-module. The following theorem is proved 
in Section 6 and gives generators and relations for the fusion product of certain hnite-dimensional 
irreducible go-modules. The case n = 1 is proven in [9] and can be also deduced from [10]. 

Theorem 2. We have an isomorphism of U(go[t])-modules 

40o("ii'^i) * • • • * Vg^inikSi) ^ Wgo(|m|<5i)/a(m), (4.3) 

where 3(m) is the submodule generated by the elements 

x“(r, s), for all a G i?(|, r, s G N with s + r>l+rp+ mj6i{ha), for some p G 

j>p+i 

We shall prove in the main theorem of this section that the similar relations determine the fusion 
product of finite-dimensional irreducible g-modules. The following corollary follows from the above 
theorem and [9, Section2], where three different presentations of the right hand side of (4.3) are 
given; see also [21] for the twisted analogues. 
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Corollary. We have an isomorphism of U( 0 o[i])~iiiodules 

Wgo(|m|(5i)/a(m) ^ Wgo(|m|(5i)/in(m), 

where 9T(m) is the submodule generated by the elements 

pX~(r, s), for all a G Rq , r, s G N, p G Z+, with s + r>l+rp+ mjdi{ha)- 

i>p+i 

4.4. We define a total order on the set of multi-exponents. For 0<zi<---<i£<A: — 1 and 
0 < ji < ■ ■ ■ < js < k — 1 we say 

ii s < i ov s = i and {ii,... ,ii) < {ji,... ,ji) with respect to the lexicographical order. We consider 
the induced total order on the set of monomials, i.e. 

For i G Z+, we set 

Gii,...,ie= Y1 U(go[t])(x 7 ^ 

if / > 0 and = G 0 = 0 otherwise. 

Lemma. Let F be a U(g[t])-module and v gV such that 

= ([) ® tC[f])u = 0. 

Then for all 0 < ii < • • • < < A: — 1 we have 

(n'^[t] © (f) 0 tC[t])^(x7^ ©fi) • • • (x^^ 'Sif‘)v G 
Proof. For s G N we have 

£ 

{h © © fi) • • • (x^^ © f>')v = '^{x'f^ © fi) • • • (x^^ © • • • (x^^ © f>')v. (4.4) 

1=1 

Since [x^^,x^J G Uq and [uq ,x^^] = 0 we can reorder each monomial in (4.4) by the degree of t and 
obtain 

(x^^ © t*i) • • • (x^^ © t*-’’*'®) • • • (x^^ © R^)v = (x^^ ■ ■ ■ {xf^ © R^)v + some element in 

We have {ii,... , + s,... , i^} = {ji,..., j^} and ji < ■ ■ ■ < j£, which implies 

(x^^ © ■ ■ ■ { xj ^ © G 

The proof for the remaining elements works similar. □ 

Remark. The above lemma and an easy induction argument implies 

Gi,,...,i,v= U{nQ[t]){xJ^0R^)---{xJ^0R^)v. 
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4.5. For 0 < i < k set 

... ,mk)) := ... ,ipi{mk)) = (mi,...,mp_i,mp - 1,mp+i,...,m^), 

where p = min + 1 < ^ | m^ > mg+i}. We now prove, 

Proposition. We fix 0 < io < *i < '' • < ^ ^ “ 1 and a G Rq. Let y be a U(g[f])-module and 

V ^ V such that 

n 

© (f) (8i tC[t]) © = 0 (4.5) 


£ 

pX~(r, s) ]^(x7^ ©f-’)?; G V r, s G N,p € Z+ : r + s > 1 + rp+ ^ mj5i{ha). (4.6) 

j=i i>p+i 

Then we get 

£ 

px”(r, s) ]^(x^^©Tj)u G Vr, s G N, p G Z+: r + s > l + rp+ ^ ipiQ{mj)6i{ha). (4.7) 

1=0 j>p+i 


Proof. Let r, s G N, p G such that 

r + s>l + rp+ ^ (^£(mj)(5i(/ia). 
i>p+i 


Since [x^ , = 0 and 

the proposition is immediate for p > A: or 5i{ha) = 0. So we can suppose that p < k and 5i{ha) = 1- 
This means that a is of the form a = (5i ± dj for some 2<j<n or a = 26i. Note that there exists 
a root /? such that the corresponding root vector xp satishes [x^,x“] = x^^. To be more precise we 
have xp (x xf^ if a = (5i ± 5j and xp oc x^^ otherwise. The proof proceeds in two steps, where the 
first step considers the case p < io- In this case we get 


(r + 1) + (s+p) > 1 + (r + l)p + ^ (/?io(mj) + l 

j>P+i 


and hence by (4.6) 


1 + (r + l)p + ^ rrij 
i>p+i 


:(r + l,s+p) ®Pi)v G Gji,...,, 

i=i 


We obtain 

£ 

(x /3 © ^ x"(r + 1, s +p) 


i=i 

(x“ © • • • (x" © + some element in Gj, 

(fefe)fc>pepS(r+l,s+p) 1=0 

bp^O 

I 

pX“(r,s)[](x7^©T0^ + some element in G (x^ © C 

1=0 
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This proves (4.7) for all r, s € N, p G Z_|_ such that 

p < io and r + s>l + rp + E ip£{mj)5i{ha)- 

j>P+i 

Assume now that p > iq. In this case there is only something to prove if mjp+i = • • • = mp+i, 
because otherwise we have ^einT-j) = Ylj>p+i (4-’^) follows directly from (4.6). Here 

we also consider two cases, starting with r > mp+i. We have 

r + s>l + rp + E ='rp + E nij > rio + E ruj = 1+ rio + ^ V’ioi'mj) 

j>P+i j>p+i i>*o+i i>*o+i 

and hence we can deduce from the first step 


i 

io^ai'r,s) n(®5i e (4.8) 

j=0 

Our aim is to show by induction on r that 


l 

io+i^a (r, s) <8) G (4.9) 

j=o 

If r = 1, we have j(,+ix"(l, s) = (x“ (8> t^) =io (1) ■s) and the claim follows. Assume now that we 
have proved the statement for all f < r and s < s such that f + s > fp + Ylj>p+i '^j- Note that 


i 

ioX'(r,s) n(a;^^ 
i=o 


i 

=io+i x~(r,s) 

i=o 


T 



2=1 


i 


i=o 


where we understand {r — i,s — ioi) = 0 if j(,+iS(r — i,s — iqi) = 0. Since 

(r — i) + (s — ioi) > rp + mj — i{io + 1 ) > (r — i)p + rrij 

j>P+i i>p+i 

we deduce (4.9) from the induction hypothesis and (4.8). If p = zq + 1 we are done; otherwise we 
repeat the above procedure until we get (4.7). Now it remains to consider the case r < rup+i. In 
that case we get 

i r i 

pXa(A'S) JJ(x 7 ^ 0 fi)v = ® x"(r -z,s -ioO) 

j=0 i=0 j=0 


and 

{r -i) + {s 
Hence (4.6) implies 


ioi) > rp + ^ rrij - i{io + 1) > 1 + (r - z)(p + 1) + ^ rrij. 

j>P+i i>p+2 

i 

p+ix"(r -i,s- ioi) ]^(a:7j ® t"^)v G 
i=i 


and the proposition is proven. 


□ 
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4.6. We denote by .^(m) the submodule of W(|m|(5i) generated by the following elements 

pX~{r,s), for all a €-??(]■, s, r e N, p G with s + r > 1 + rp + ^ mj6i{ha) (4-10) 

i>p+i 

The proof of the next propostion proceeds exactly in the same way as for sb fusion products; for 
details see [9]. 

Proposition. We have a surjective map of U(g[t])-modules 

W(|m|(5i)/.^(m) -» V{mi5i) * • • • * V{mk5i). 


In particular, the proposition gives a lower bound for the dimension, namely 

k 

dim W(|m|(5i)/.^(m) > dimP(mj5i). 

i=i 


For the Lie superalgebra osp(l,2) this means 


k 

dimW(|m|(Ii)/.^(m) > + 1). 

i=i 


4.7. The main theorem of this section is the following. 


Theorem 3. 

(1) We have an isomorphism of U(g[t])-modules 

V{mi5i) * • • • * V{mk6i) = W(|m|(ii)/.^(m). 

(2) The module IT(|m|(5i)/.^(m) can be filtered by 

0<i<k 0<ii<-<ie<k-l 

where the cyclic vectors are the images of the vectors in 

• • • {x~^^ ® |0<^<A:, 0 < ii <■■■< ik < k — . 


(4.11) 


(4.12) 

(4.13) 


Proof. We denote by P(m) the right hand side of (4.12) and let Um := rc|m| mod .^(m) be the 
cyclic generator. From the defining relations of the local Weyl module we know 

= 0 ^ {xj^ (8) 1)(x 25„ <» l)Um = ® l)^m = 0. 

Since (ic7 _(5 +i ® l)^m = 0 for 2 < j < n — 1 we get 

(^^- 5^+1 1) • • • ® = {x^. ® l)Pm = 0, for 2 < j < n - 1. 

Together with the above calculations and (l) 0 tC[t])um = 0 we deduce 

{x~f, (g) C[t])uni = 0 for 2 < j < n. (4-14) 

It follows that the cyclic generator v^n satisfies the condition (4.5). For r = 1 and s = k we have 
^a(x,s) = {x~0t^) G J^(m) and thus (x|^ (g l)(x 25 ^ (8)t^) = {xfg^0t^){xj^i^l)±{xJ^i^t^) G J^(m). 
It follows that (^xj^ (g) t^C[t])uni = 0 and hence by the PBW theorem we can write 

k 

= U(go[t])(x;(; 0fi)---(x7^ 

.^=0 0<ii<-"<ii<k—l 


14 


DENIZ KUS 


Our aim is to show that ^(m) can be filtered by (4.13). We order the finite set 

(g) (g) f‘) \ 0 < £ < k, — l| = |Xi ^ X 2 ^ ^ 

with respect to the order defined in Section 4.4. We build the associated graded space with respect 
to the increasing filtration of go [^] “Modules 

V (m)i C V (m )2 C • • • C 1/(m )n = V (m), 


where 

i 

\4(m)i = y~]U(go[t])XjUm. 

1=1 

In particular we will show that we have a surjective map 

o • • • o ^ii{'rni)5i) *■■■* ^ 14(m)i/14(m)j_i, (4.15) 

where Xi = (x^^ (g) t*i) • • • (x^^ (g) t*^). We denote the image of XiVm in the associated graded space 
by Xjgr(um). For this it is enough to verify that Xjgr(um) satisfies the defining relations of the 
fusion product stated in Corollary 4.3. From Lemma 4.4 we get that Xi gr(i;m) satisfies the defining 
relations of the local Weyl module W(|m|5i). Hence it remains so show that 

px;;^(r,s)W gr(nm) = 0, Vs,r € N, p e Z+: s + r > l + rp+ ^ o • • • o(mj)(5i(/iQ,), (4.16) 

l>p+i 

which we will show by induction on i. If i is zero, this follows from the definition of the submodule 
.^(m). So suppose that we have proved (4.16) for all £ < £. In particular, from the induction 
hypothesis 


£ 

)gr(u 

m ) = 0, Vs,r G N, p € : s + r > l + rp+ ^i2°'' ■ °■ 

1=2 1 >P +1 

By using Proposition 4.5 we have 

i 

pXQ;(r,s) ]J(x7^ G 

1=1 

and hence the desired property (4.16). An easy calculation shows and 

k k 

E E n dimPgo (<pi^ o • • • o ipi^{mj)6i) = dimV{mj6i), 

0<£<k-l 0<ii<-<ik<k-lj=l j=l 

which implies together with (4.11) that the map in (4.15) is an isomorphism. Hence part (2) of the 
theorem is proven and part (1) follows from part (2) and Proposition 4.6. □ 

Example. For n = 1 and k = 2, the fusion product V{mi) * V{m 2 ) can be filtered by 

* V^i^{m2 - - l)*V^i^{m2). 
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4.8. The following corollary is immediate. 

Corollary. 

(1) The fusion product * ■ ■ ■ * V{mk6i) is independent of the parameters. 

(2) Let A = ..., rukSi), = (ni(5i,..., UkSi) € P'^(|m|(5i, k) such that A ^ /r. Then we 

have a surjective map of U(g[t])-modules 

V{ni5i) * • • • * V{nk6i) V{miSi) * ■ ■ ■ * V{mkSi). 

(3) The g-character of V{miSi) * • • • * 1/ {rrikSi) is given by 

Y qn+-+ie chg (^Vg^ o • • • o *•••* o • • • o . 

0<l<k 0<h<■■■<i^.<k-l 

For the Lie superalgebra osp(l, 2) we can give a PBW type basis. From Theorem 3 and [9, Theorem 
5] we get that the following set forms a basis of the fusion product 

U U I (iu- • • 

0 <e<k 0 <ii<-<ii<k-l 

where (ji,..., j^) € ^(m, ii,..., i^) if and only if for all 2 < r < fe + 1 and 1 < s < r — 1 

s k 

{sjr-l + {s + l)jr) + 2 ^ jp < ^ ipi^0---0(pi^{mp). 

p=r+l p=r—s 

5. Truncated Weyl modules and Demazure type modules 

In this section we discuss the connection of fusion products with truncated Weyl modules for 
g = osp(l,2). For the connection of theses modules for finite-dimensional simple Lie algebras we 
refer to [20]. For the rest of this section we set a = 25i. 

5.1. 

Definition. For n,N ^ Z_|_, the truncated Weyl module W{n,N) is the g[t]-module generated by 
a non-zero element Wn,N with defining relations: 

n’^[t]'Wn,iV = 0, (ha <8) f)Wn = n5r,oWn,N, Vr € Z+, 

{x~ (g) = 0, (g (g> t^C[t])Wn,N = 0. 

The truncated Weyl module can be defined for any Lie superalgebra g. For a finite-dimensional 
simple Lie algebra t it has been proven in certain cases (for details see [20]) that the truncated Weyl 
module can be realized as a fusion product of finite-dimensional irreducible t-modules. Similar 
results hold for the Lie superalgebra osp(l, 2). 

Proposition. Let n G Z+ and write n = kN + j for 0 < j < A^. We have an isomorphism of 
U(g[t])-modules 

W{n,N) ^ V{k)*^^-^^ * V{k + 1)*L 

Proof. By using the presentation of fusion products in Theorem 3 the proof is exactly the same as 
the one in [20, Section 4.3]. □ 

In particular, we obtain for all > n that the truncated Weyl module W(n, N) is isomorphic to 
the local Weyl module W(n). The connection of W(n) with fusion products was already studied 
in [14]. 
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5.2. For a simple finite-dimensional Lie algebra t the Demazure module D((^, A) of level I and 
highest weight A, where A is a dominant integral weight for t, is a finite-dimensional t[t] -submodule 
of an integrable level i representation for the corresponding affine Kac-Moody algebra t. Demazure 
modules can be presented as cyclic modules that have an explicit description of the annihilator of the 
generating element. We will recall the presentation only for 5l2- The Demazure module 
is the s[ 2 [t]-module generated by a non-zero vector subject to the defining relations 


(ha ® f)vi^n = n6r,0Ve,n, {x^ ^ = 0, Vr G 


We can define the analogue modules for the Lie superalgebra g[t] and call them Demazure type 
modules, namely D(^, n) is the g[t]-module generated by a non-zero vector subject to the 
dehning relations 

n'^[t]vi^n = 0, {ha 0 f)vi^n = n6rfiVi,n-, {x~ 0 = 0, Vr G Z+. 


We can prove the following; similar results are true for finite-dimensional simple Lie algebras (see 
[ 6 , 9 ]). 

Proposition. Write n = {q — 1)£ + m for some 0 < m < £. We have an isomorphism of U(g[t])- 
modules 


D{£,n)^V{£)*^'^-^^ *V{m) and W(n)^D(l,n). 

Proof. The second isomorphism follows from Proposition 5.1 and the first isomorphism. The first 
isomorphism can be easily deduced from [9, Theorem 1], but we will present the proof for the 
convenience of the reader. The highest weight of the fusion product satisfies obviously the defining 
relations of D{£,n) and hence we have a surjective map D{£,n) V{£)*'^^~^'> * V{m). In order to 

prove a surjective map into the other direction let {bk)k>o &p S{f',s) where r, s G N, p G Z+ such 
that 

{ 1 + rp + {q — p — 1)1 + m, if p < q — I 
1 + rp, else. 

Since {x~ 0 t^)ve^n = 0 we can assume that bk = 0 for all k > q. It follows that p < q — 1, because 
otherwise we get a contradiction 


qr>r + s>l+rp>l + rq. 


In this case we get 


r + s>l+rp+{q—p — 1)£ + m> 


1 + {q — l)r + m, 
1 + n, 


if > r 
else. 


If r > ^, the statement is obvious; so let £>r. Now the proposition follows with 
l + (g'-l)r + m<r + s<r + (g'- l)6g_i + (r - bq_i){q - 2) = 5g_i + r(g - 1) ^ m + 1 < bq-i. 


6 . Proof of Theorem 2 

This section is dedicated to the proof of Theorem 2. Recall that g = go © 0i and go is isomorphic 
to the symplectic Lie algebra sp 2 n- 
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6.1. We shall prove that we have an isomorphism of U(go [i])“Riodules 

* • • • * Vgo(mfc(5i) ^ Wgo(|m|<5i)/a(m). (6.1) 

Recall that 3i(m) is the submodule generated by the elements 

x~(r,s), for all a € 12(1, r, sSN: s + r>l + rp+ mj6i{ha), for some p € (6.2) 

j>P+i 

We denote by 0) the set of all positive even roots /3 such that 5i(/i^) 7^ 0 and by Rq{0) the 

complement of Rq 0) in Rq. Further, for ly = {^a)a£R+{^o) ^ ^ define 

k 

p(i/,m) = ^max{0, \iy\-mj}, S^{£) = {j = (ia)„eR+(^o) I I" - |j| = {k - l)\iy\- £} . 

i=i 

6.2. 

Proof. It is easy to see that we have a surjective homomorphism 

Wgo(|m|(5i) ^ Vgo(mi(5i) * • • • * Vgo(mfc(5i). 

Let a € Rq and consider the s[2-triple {x^,ha} and the corresponding current algebra s[2[t]. We 
have a surjective map of U(s[2[t])-modules 

Vsl^{mi6i{ha)) *■■■* Vsl2{mk6l{ha)) U(s[2[t])(Umi5i * • • • * Vm^Si), (6.3) 

where the right hand side of (6.3) is considered as a subspace of VQQ{mi5i) * • • • * IgQ(mfc(5i). It has 
been proved in [9, Section 6] that all elements in (6.2) act by zero on the highest weight vector of 
the fusion product Vgi^{mi5i{ha)) * ■ ■ ■ *Vs[^{mk5i{ha)) and hence by (6.3) also on Vmi&i * • • ■ 

It follows that we have a surjective map 

W0o(|m|5i)/a(m) ^ ■Fgo(mi(ii) * • • • * V^^{mk5i). 

In order to prove the theorem, it remains to verify that the dimensions coincide. We consider a 
filtration on V"gg(m(5i) = U(n(j')um<5i defined by 

U(n,7) sVm&n where U(ng )* = span{a:i ■ ■ ■ xi \ Xj & tXq ,l < s}, 

and build the associated graded space gr I/gp {mSi) with respect to this filtration. From [13, Corollary 
3.8] and a straightforward calculation it follows that we have an isomorphism of 5(n(j')-modules 

grVgo(m(5i) = 5(n")/X(m(5i), 

where S'(n(j') denotes the symmetric algebra of njj' and X{m5i) the ideal generated by the elements 
{x^, I for all (3 G Ro{0) and s = (sg,)^g^+(^g) G such that = m+ l|. 

76<(7^0) 

In the language of [11, Section 2.2] we have shown that grV'gp(m(5i) = and hence we obtain 

with [11, Theorem 2.4] that 

gr V0(,(mi(5i) * • • • * gr Vgo(mfc(5i) = 5(no [t])/J(|m|), 

where i7(|m|) is the ideal generated by the elements 

\ r > k, a € Rq"}, {x~ 0 t’' | r > 0, a G Rq" (0)} (6.4) 

E E n (6.5) 

j€Si/(£) {b^)k>QGS{l'a,ja) ( 7 ^ 0 ) 


and 
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for all V = (z^Q!)„gjj+(^o) ^ ^ In th® remaining part of the proof we will show that 

the generators of J7(|m|) act by zero on the highest weight vector of some PBW graded version of 
W 0 Q(|m|hi)/J(m), which would immediately imply dimWgo(|m|(5i)/J(m) < 11 ^= 1 '^iniVgo(mjhi) 
and hence the theorem. Let U(nQ [t])i be the span of all monomials of the form 

(xi <Xipi(t)) • • • {xr ® Pr{t)) such that r < i. 
and consider the induced increasing hltration on WgQ(|m|hi)/J(m): 

• • • C U(no C U(no [t])s+i'W|n,|5j C 

We build the associated graded space with respect to the above hltration and note that it is a cyclic 
^(nQ [t])-module whose cyclic vector gr(u;|ni| 5 i) annihilated by the elements (6.4). Further we 
have an U(n)J"[t]) action on the associated graded space which is induced by the U(n)j’[t]) action on 
WgQ(|m|hi)/Di(m). Let u = (i^o)agij+(^o) ^ ^ ^ Sjy(^). Our aim is to prove that the 

elements (6.5) act by zero on gr(u;|in| 5 ^). Let p € minimal such that > mp+i. Since 

|i^| + |j| > ^ > 1 + —/i(i',m) > 1+p|i/| + ^ rrij 

i>p+i 


we obtain for all a G Hq 0 ) 

U(n+[t]) o x~(|i/|, |j|) gr(u;|n,| 5 j = 0. 
But an easy calculation shows that 


Yl {X 0 ® o (|i/|, |j|) gr(u;|„,|5j 

/36i?+(^0) 

/9^25i 


gives the element (6.5). 


□ 
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